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A Simplified Model of Interceptional Deposition of 
Fibers at Airway Bifurcations 

B. Asgharian and C. P. Y u  
Department of Mechanical and Aerospace Engineering, State University of New York at BufSalo, 
Amherst, N Y  14260 

Based on a simplified model, a theoretical expression for ciencies in different airway generations of a Weibel lung 
the deposition efficiency of fibers by interception at the model showed that the results obtained previously by 
bifurcation of a parent-daughter system was derived. In Hams and Frazer in 1976 were valid only for small 
deriving this expression, the simultaneous effect of the fibers. More accurate deposition results for large fibers 
velocity shear of the flow and Brownian rotation on fiber are presented in this paper. 
orientation was considered. Calculated deposition effi- 

INTRODUCTION 

At the bifurcation site of an airway in the 
lung, inhaled fibers can be deposited by the 
combined mechanisms of impaction and in- 
terception. If the branchng angle at the bi- 
furcation is small and the flow velocity is 
low, impaction becomes less important and 
the site of deposition reduces to a single line 
which bisects the airway cross section at the 
exit of the parent tube. Ths  simplified geo- 
metrical model was first formulated by 
Harris and Fraser (1976) to estimate the 
interceptional deposition of fibers at .an air- 
way bifurcation in the human lung. 

1n.a shear flow, it is known that fibers are 
subjected to a combined translational and 
rotational motion. The fiber orientation, as a 
result of the rotational motion, is controlled 
by the velocity shear in the flow as well as by 
Brownian motion which arises from the 
bombardment of air molecules. Both fiber 
length and orientation are the particle fac- 
tors that determine the amount of deposition 
at a bifurcation by interception. In their 
analysis, Harris and Fraser assumed that 
fibers were in pure periodic rotation in the 
shear flow when the root mean square of the 
Brownian rotation angle was less than lo0, 
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and beyond that point fibers were oriented 
randomly. This assumption introduced a dis- 
continuity in deposition efficiency, leading to 
physically inconsistent results. 

In this paper, the problem of Harris and 
Fraser is reexamined despite its oversimpli- 
fied geometry. An approximate solution is 
found which allows a smooth transition of 
the efficiency from the velocity dominated 
rotation to the one controlled by Brownian 
motion. Interceptional deposition in differ- 
ent generations of a Weibel lung model 
(1963) is then calculated for various fiber 
sizes and compared with the results of 
Harris and Fraser. 

DEPOSITION EFFICIENCY 

At any time t ,  the orientation of fibers, 
expressed by an orientation distribution 
function P(+, 8,  t) is governed by the 
Fokker-Planck equation (Peterlin, 1938) 

where w is the angular velocity of the parti- 
cle, 'D is the Brownian diffusion coefficient 
for rotation, and cp and 8 are the Eulerian 
angles shown in Figure 1. The solution of P 
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Interceptional Deposition of Fibers 

FIGURE 1. Orientation of a fiber. 

must satisfy the condition 

The interceptional deposition of fibers at 
the bifurcation of a parent-daughter airway 
system can be derived from pure geometrical 
considerations as follows: we consider a par- 
ent airway of radius R and length L in 
whlch a fibrous aerosol of uniform concen- 

FIGURE 2. Geometrical description of a fiber in 
a parent airway for the analysis of interceptional 
deposition. 

tration flows downstream with a parabolic 
velocity (Figure 2). A bifurcation line HH' 
bisecting the airway cross-sectional area is 
located at the end of the airway. Let O'A 
represent the fiber half-length l f / 2  with 0' 
at the midpoint of the fiber. A coordinate 
system xyz is placed at 0' such that the x 
axis is in the radial direction of the airway 
cross section or the direction of the velocity 
gradient, and the y axis points the flow 
direction. Accordingly, the z axis whlch lies 
in the cross-sectional plane of the - airway is 
tangential to the circle of radius OO', where 
0 is on the axis of the airway. From Figure 
2, the projection of the fiber half-length 1,/2 
on the cross-sectional plane of the airway, - 
O'B, is 
- 
O'B = 

where O'E and O'D are, respectively, the 
components of O'A in the x and z direc- 
tions, given by 

- -  ' /  O'E = O'A cos 8 = Zcos 8, 

and 

Thus, 
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82 B. Asgharian and C. P. Yu 

or from the law of sines the following relations: 

To determine deposition efficiency by in- 
terception at the bifurcation, we examine a 
quadrant of the cross section shown in Fig- 
ure 3. lnterceptional deposition occurs when 
the fiber projection intercepts the bifurcation 
line ON; the limiting case of which is when 
one end of the projection is on OH. At this 
limit, the midpoint of the projected length 
0' describes a curve OO', shown by the 
dashed line, such that all the fibers with their 
midpoints traveling between ths  line and the 
bifurcation line are captured. The inter- 
ceptional deposition efficiency is the fraction 
of fibers in the airway passing through ths  
region, and is defined as the volume flow 
rate through this region divided by the flow 
rate through one quadrant of the airway 
cross section. To derive a mathematical ex- 
pression for the interceptional deposition 
efficiency, we first consider Figure 3a. From 
the law of cosines, we find angle 51 in trian- 
gle O'BK to be: 

I cos 8 
51 = c o s ' [  

or 
lp  sin (I '  - 51) 

r = 
~ C O S ~  3 (10) 

- 
where r = 00' is the radial position of the 
midpoint of the fiber. Figure 3b shows the 
position when B coincides with H. At this 
position, one finds from triangle OO'H the 
following additional relations: 

and 
1, sin(r '  - 5 2 )  

r = r ' =  
2cos r' . (14) 

Consider a differential area dA in Figure 
3b. The flow in this area is q = udA where u 
is the local velocity of the flow. The fraction 
of fibers in the airway, d1, with Eulerian 

FIGURE 3. Interception of a fiber in a quadrant 
Next, we consider triangle K'OfB. Angle of cross section at the bifircation. (a)  The end of 

K ' ~ ' K  in t h s  triangle is equal to ~ / 2  - T. the fiber in contact with an arbitrary point on the 
Also, in triangle K'O'B, angle K ' ~ o '  is I- - bifurcation line. ( b )  The end of the fiber is in 
51. Thus, from triangle OO'B, we obtain contact with H. 
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lnterceptional Deposition of Fibers 

angles 9 and B whose midpoints are inside 
the differential area is 

where Q is the flow through one quadrant of 
the cross section of the airway, and P ( r ,  +, 8 )  
is the orientation distribution function ob- 
tained from Eq. (1). The interceptional depo- 
sition efficiency is then 

8 sin 8 
= - / L P ( ~ ,  +, B ) ~ ( R '  - r 2 )  drdT 

lrR4 

- 8 sin 8 -- 
lr 

x P ( r * ,  +, 8 ) r * ( 1 -  r*' ) dr* dl- 

x ( 1  - r * )  d *  d }  (16)  

where r* = r / R  and 1; = 1,/R. Integrating 
Eq. (16) over all Eulerian angles gives the 
total efficiency by interception as 

To evaluate Eqs. (16) and (17), we need to 
find an expression for P(r*,  +, 8) .  Peterlin 
(1938) studied the orientation of suspended 
ellipsoidal particles in a constant shear flow. 
He solved the Fokker-Planck Eq. (1 )  to 
obtain a steady-state solution in the form: 

where 

p is the aspect ratio of the fiber, and 'Pe is 
the rotational Peclet number, defined by 

in whlch G is the velocity gradient, and 'D is 
the rotational diffusion coefficient, given by 

In Eq. (21), B, is the angular mobility of the 
fiber, k'is the Boltzmann constant, and T is 
the absolute temperature. For a prolate ellip- 
soid of revolution, it was found that (Gans, 
1928) 

where d f  is the particle minor diameter. 
Equation (18) reduces to the following 

simple forms when 'Pe approaches zero and 
infinity, which correspond, respectively, to 
the cases of very strong and weak Brownian 
rotation: 
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B. Asgharian and C .  P. Yu 

and 

1 3A 
P(+, 8 )  = Z;;{l - T ~ o s 2 + s i n 2 ~  + p2 

(24) 
Equation (18) can be applied locally to a 

parabolic flow in a circular tube where the 
velocity gradient is a function of the radial 
position. Since Eq. (18) is a series solution of 
A, a rapid convergence of ths  equation re- 
quires A << 1, which corresponds to small 
values of p. However, for fibers with large P, 
A approaches unity and a large number of 
terms in Eq. (18) is needed for an accurate 
result. 

APPROXIMATE SOLUTION 

For strong Brownian rotation, Eq. (16) be- 
comes 

8 sin 8 
' ( h 8 )  = T / / r ( & ) r ( ~ 2  - r2 )  d r d r  

= I R b ,  8) .  (25) 

Carrying out the integration, we obtain 

When the fiber is sufficiently large, its 
orientation is controlled by the vdocity shear. 
Jeffery (1922) obtained the following results 
for the Eulerian angles: 

2 m t  
tang = P tan(_ + c,), 

and 

where t is the elapsed time and 7 is the 
period of rotation, given by 

and C, and C2 are constants related to the 
initial Eulerian angles +,, 8, by 

and 

3 .  + - sin2 2D (tan F' - T') - 4 cos D sin3 D (In sec T') + F' sin4 P 2 I 

The total efficiency for the random fiber 
orientation is It is apparent from the above results that 

interceptional deposition depends on the ini- 

q n  = j2" j'"2~R(+, 8) a d @ .  tial orientation of fibers. Thus, for a para- 
4-0 8=0 

(27) bolic flow at the exit of the parent tube, we 
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Interceptional Deposition of Fibers 

may write for the velocity-shear controlled 
rotation, 

I ( + ,  8 )  

8 sin 8 
= - / L P ( r ,  c$, B ) ~ ( R '  - r 2 )  drdT 

I T R ~  

= IP(+0> (33) 

since + and 8 in P(r ,  +, 8)sin 8 are func- 
tions of &, 00, and the residence time of the 
fibers in the airway. The total interceptional 
deposition efficiency for all Eulerian angles 
is 

The values of TJ, can be computed numeri- 
cally using Eq. (28) and (29) for a given 
initial orientation. Equations (33) and (34) 
also apply to other flow fields if a substitu- 
tion for the velocity profile is made in 
Eq. (33). 

We assume an approximate solution of 
Eq. (17) in the form of a linear combination 
as 

9 = f l ( r P e ) ~ P + f 2 ( r p e ) ~ R ,  ( 3 5 )  

where the weighting functions f, and f2 are 
assumed to have the form 

and 

In Eq. (35) 'Pe is the rotational Peclet num- 
ber defined by Eq. (20) with G = U / R ,  where 
U is the average velocity of the flow and a 
and b are constants to be determined by 
matching the approximate solution (35) with 
Eq. (17). 

DETERMINATION OF a AND b 

To determine constants a and b,  we used 
the series solution of P(+, 8 )  given by Eqs. 
(18), (23), and (24) and substituted them into 

I I I 
4 0 ' ~  4 10' 104 

U/R 'D 

FIGURE 4. Comparison of q calculated from 
the exact series solution (17) and from the linear 
combination solution (35). 

Eq. (17) for computation of TJ,  T J ~ ,  and qp.  
For all values of 'Pe, it was found that 
a = 50 and b = 1.5 provided an excellent 
matchlng for the value of T J  calculated from 
Eq. (35) and those from Eq. (17). The values 
of a and b were found to be insensitive to P. 
Figure 4 shows a comparison of T J  for P = 50 
determined from various formulas for the 
flow condition equivalent to the 15th airway 
generation of the Weibel lung model (1963). 
The difference in TJ between the exact series 
solution (17) and the linear combination so- 
lution (35) is less than 6%. Figure 4 also 
shows that the velocity shear effect on fiber 
rotation becomes important when 'Pe ex- 
ceeds 0.01, and when 'Pe is greater than l o3 ,  
the rotation of fiber is completely controlled 
by the shear flow. 

DEPOSITION IN AIRWAYS 

Interceptional deposition efficiency as a 
function of the aspect ratio of the fiber is 
calculated using Eq. (35) in which TJ, and v, 
are determined respectively from Eqs. (27) 
and (34). The results for a fiber diameter of 
0.3 pm at a flow rate of 375 cm3/s in the 
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86 B. Asgharian and C. P. Yu 

2 5 40 20 50 400 

Aspect Ratio, f i  

FIGURE 5. Deposition efficiency by interception 
as a function of f i  at df = 0.3 pm and a flow rate 
of 375 cm3/s in the 15th airway generation of 
Weibel's lung model. 

15th generation of the airways of Weibel's 
lung model are depicted in Figure 5 .  Again, 
in this figure, curve 1 represents the periodic 
rotation solution q ,  given by Eq. (34), and 
curve 3 corresponds to the random orienta- 
tion solution q ,  calculated from Eq. (27). As 
/3 increases, qR increases monotonically 
while q ,  shows an oscillatory variation pat- 
tern with /3 for /? < 10, caused by large vari- 
ations in fiber orientation at the bifurcation. 

Since fibers controlled by the shear flow tend 
to align themselves to the flow, q ,  is found 
to be always smaller than q,.  The linear 
combination solution (35) shown by curve 2 
gives the same results of q ,  for small /3 and 
it approaches the value of q ,  for large P. 

Figure 6 presents the variations of q ,  and 
q P  with both fiber length and diameter in the 
15th airway generation of Weibel's lung 
model at a flow rate of 375 cm3/s. The 
periodic rotation solution q ,  shown in Fig- 
ure 6a depends upon both fiber length and 
diameter, while the random orientation solu- 
tion q R  shown in Figure 6b depends solely 
on the fiber length. 

The interceptional deposition efficiency 
beyond the fifth airway generation of 
Weibel's lung model calculated from Eq. (35) 
is compared with the results of Harris and 
Fraser (1976) in Figure 7 for several fiber 
equivalent volume diameters d,,,(d,, = d @ )  
at /? = lo. The velocity profile at the exit of 
each airway generation is assumed to be 
parabolic. For small d,, for which Brownian 
rotation controls the fiber orientation, two 
results are almost identical. However, as d,, 
increases the periodic rotation becomes in- 

FIGURE 6. Relative deposition efficiency by in- 
terception as a function of fiber size in the 15th 
airway generation of Weibel's lung model at a 
flow rate of 375 cd / s .  (a)  qp;  ( b )  qR.  D
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Interceptional Deposition of Fibers 

Horris and Fraser (1976) 
Linear combination 

C d,, =4Opm 
lo-' r -  

Airway Generation 

FIGURE 7. Deposition efficiency by interception 
in different airway generations of Weibel's lung 
model at a flow rate of 375 c d / s  for /3 = 10. 
Dotted lines are the results by Harris and Fraser 
(1976) and solid lines are the results calculated 
from Eq. (35). 

creasingly important, the formulas derived 
by Harris and Fraser show a discontinuity in 
deposition because of the sudden switching 
frcm a random orientation to a velocity shear 
controlled orientation. Figure 8 shows the 
comparison of our results with those of 
Harris and Fraser for j3 = 100. Harris and 

'r - Horris and Fraser (1976) 
Linear combination 

Airway Generation 

FIGURE 8. Deposition efficiency by interception 
in different airway generations of Weibel's lung 
model at a flow rate of 375 c d / s  for /3 = 100. 
Dotted lines are the results by Harris and Fraser 
(1976) and solid lines are the results calculated 
from Eq. (35). 

FIGURE 9. Relative deposition efficiency by in- 
terception as a function of fiber size in the 15th 
airway generation of Weibel's lung model at a 
flow rate of 375 c d / s .  (a)  Equation (35); (b) 
Harris and Fraser (1976). 
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88 B. Asgharian and C. P. Yu 

Fraser predicted a smaller deposition for 
fibers with d, ,  = 1 pm. This is obviously 
unreasonable because it implies that long 
fibers have a lower interceptional deposition 
than the short ones. 

A different representation of the compari- 
son between the results from Eq. (35)  with 
that of Harris and Fraser is shown in Figure 
9, in which interceptional deposition effi- 
ciency in the 15th airway generation of 
Weibel's lung model is plotted versus both 
fiber length and diameter at a flow rate of 
375 cm3/s. Except for the oscillatory varia- 
tion pattern at small p, the deposition re- 
sults calculated from Eq. (35)  are always 
found to increase with the fiber length, as 
shown in Figure 9a. The results of Harris 
and Fraser shown in Figure 9b, however, 
have several discontinuities. The variations 

of deposition with fiber diameter and length 
predicted by their formulas do not appear to 
be justified from physical grounds. 

This research was supported by grant HL 38503 from 
the National Institutes of Health. 
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